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In the paper [5] a close connection between intersection multiplicities of special cycles on the 
Shimura variety for GU (1,2) and Fourier coefficients of the derivative of a certain Eisenstcin 
series for U(3, 3) is established. This confirms in the case n = 3 a conjecture of Kudla and 
Rapoport for the Shimura variety for GU(l,n — 1), see [2] and [3]. This conjecture can be 
reduced to a local statement on intersection multiplicities on suitable Rapoport-Zink spaces 
stated in [2]. The case of non-degenerate (i.e. O-dimensional) intersections which can be reduced 
to the case n = 2 is proved in [2] and [3]. For n > 3, the intersection of the special cycles in 
general has positive dimension. To a special cycle one associates a difference divisor, see below. 
A crucial ingredient of the proof of the Kudla-Rapoport conjecture for n = 3 is the regularity 
of these difference divisors. In this note we prove the regularity of special difference divisors in 
arbitrary dimension. It is hoped that this will help to prove the Kudla-Rapoport conjecture for 
arbitrary n. 

Let us recall the setting. Let n be a positive integer and let p > 3 be a prime. Let F = ¥ p and 
let W = W(¥) be its ring of Witt-vectors. Let TV := Af„ := A/"(l,n - 1) be the Rapoport-Zink 
space over W parameterizing tuples (X, t, A, p) over VF-schemes S such that p is locally nilpotent 
in Os- Here a tuple (X, i, A, p) over S consists of the following objects. First, X is a p-divisible 
group of dimension n and height 2n over S 1 , and l : Z p 2 — > End(X) is a homomorphism satisfying 
the determinant condition of signature (1, n — 1), i.e. 

charpol(i(a),LieX)(T) = (T - fo(a))(T - ^(a))"" 1 € O s [T], 

where <po and </>i are the two embeddings of Z p 2 into W. Further A is a principal polarization of 
X such that for the Rosati involution we have t*(a) = t(a) for all a £ Z p 2, and 

p : X x s S ^ X x Sp 0c f ~S 

is a Z p 2-linear quasi-isogeny of height 0. Here S = S Xs pcc \y Spec F and (X, tx, Ax) is a fixed 
triple over Spec F as before and where X is also required to be supersingular. We also require 
that locally up to a scalar in Z* we have the identity p v o Ax ° p = A. Let (Y, ty, Ay) over F be 
the fixed supersingular object for n = 1 and let Y be same object but the Z p 2-action replaced 
by its conjugate. It has a canonical lift Y over W, cf. [1]. The space of special homomorphisms 
is defined as V = Homz p2 (Y, X) ® Q, cf. [2]. It is an n-dimensional hermitian Q p 2 -vector space 
with hermitian form h given by 

h(x, y) = Az 1 o y v o A x o x e End Zp2 (¥) <8> Q = Q p2 , 

where the last isomorphism is via , and where y v denotes the dual of y. By the valuation 
of a special homomorphism j we mean the p-adic valuation of h(j,j). Given ji, ...,j m S V, the 
fundamental matrix T{j\, j m ) of ji, j m is the hermitian m x m matrix with entry h(ji,jk) 
at i, k. For j G V the special cycle Z(J) is the closed formal subscheme of Af such that Z(S) is 
the set of all (X, t, A, p) over 5 such that the quasi-homomorphism 

lifts to a homomorphism V Xg poc w S ^ X . If the valuation of j ^ is non- negative then 
Z(j) is a relative divisor, i.e. it is flat over W; if the valuation of j is negative then Z(j) is 
empty. Further we define the special difference divisor T>(j) as T>(j) = Z(j) — Z(j/p). Thus, if 
a local equation for Z(j) is given by / = and a local equation for Z(j jp) is given by g = 
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then a local equation for T>(j) is given by fg^ 1 = 0. Note here that g divides / since obviously 
Z(j/p) C Z(J). See [2] and [5] for more information about these notions. 

Recall from [4] that an F- valued point x of J\f is called super-general if there is no special 
homomorphism j of valuation such that x £ Z(j)(¥). In [4], Theorem 10.7, it is proved that 
if x 6 jV(F) is a super-general point and if j £ V is such that a; £ Z(j)(F) but a; ^ Z(j/p)(¥), 
then the special fiber Z(j) p of is regular at x. 

Theorem 1. Let j be a special homomorphism. Then the special difference divisor T>(j) is 
regular. 

Proof. We proceed by induction on n and may assume that j ^ 0. The claim is known for n < 3, 
comp. [5]. Suppose the claim is true for n — 1 > 3. 

The first part of the following lemma is (in a local version) already implicitly contained in §5 
of [2]. 

Lemma 2. i) Let j £ V a special homomorphism of valuation 0. Then Z(j) is isomorphic to 

Mn-l- 

i-i) If jii •■■ijm £ V ond h(j,ji) = for all i (where j is as in i)) then there are special homo- 
morphisms j[,---,j' m for Af n -\ such that T(Ji, ...,j m ) = T(J[, j' m ) and such that under the 
isomorphism of i) Z(J) D -Z(ii) D ... D Z{j m ) is identified with Z(j[) fl ... n Z(j' m ). 

Proof. By multiplying j by a suitable element in Z* 2 we may assume that h(j,j) = 1. For any 
tuple (X, l, A, p) we may replace the polarization A by a suitable multiple of A such that p v o Ax o 
p = A. We may also assume that (X, ix, Ax, id) £ Z(j)(¥). Let (X,i,\,p) £ Z(j)(S). Then e = 
p~^j{p~ 1 j)* defines an idempotent of X , where we write here [p^ 1 ])* = A^ 1 o (p~ 1 j) v o A. Then 
we can decompose X as X = eX x (lx - e)X. The map (X, t, A, p) (->• ((lx — e)X, iui x - e )Xi 0-x — 
e) v o A|(i x _ e )x, (lx ~ 33*) ° Pl(ix-e)x) then defines an isomorphism Z(j) — > Af n -\- Its inverse is 
given by sending (X,i,X,p) £ 7V„_i(S') to(IxF s tx (y s ,Ax A Fs ,p x id) £ Z(j)(S) C A/"„(5) 
(here we have identified with jFs). One easily checks that these maps are inverse to each 
other (up to isomorphism). 

Any ji induces an element j[ = (lx — jj*) ° j% £ Hom^ 2 (Y, (lx — jj*)X) <g> Q and using the 
fact that h(j,j) = 1 and h(j,ji) = one easily checks that T(ji, j m ) = T(j[, ...,j' m ) and by 
construction the intersection Z(j) Pi Z(ji) n ... n Z(j m ) is identified with Z(j[) n ... H Z(j' m ). □ 

Lemma 3. Let a; £ A/"(F). Let j £ V and suppose that x £ Z(j)(¥) but x £* Z(j/p){¥). Then 
T>(j) is regular at x. If x is super-general or if j is of valuation 0, then also the special fiber 
T>(j) p is regular at x. 

Proof. If x is super-general, then the claim follows from Theorem 10.7 in [4]. If j is of valuation 0, 
then we know by Lemma 2 that T>(j) = Z{j) = A/" n _i which is regular and also its special fiber is 
regular. Now we proceed by induction on n, the induction start is given by the induction start of 
the theorem. Suppose the claim is true for n— 1 > 3. We may assume that x is not super-general 
and that j is not of valuation 0. It follows that there is a special homomorphism jo of valuation 
which is linearly independent of j and such that x £ P(j'o)(F). We write j = a jo + f3ji, where 
ji _L jo and x £ Z(ji)(¥) but x g" Z(ji/p)(¥) and a, (3 £ Z p 2. We claim that j3 is not divisible 
by p. For, if /? and a are divisible by p, then x £ Z(j/p)(¥) in contradiction to our hypothesis 
and if (3 is divisible by p but a is not divisible by p, then it follows that the valuation of j is 
0, again a contradiction to our hypothesis. Thus (3 £ Z^ 2 and it follows that locally around x 
we have T>(j) n ^(jo) = -2(j) l~l Z(jo) = 2>(ji) H -Z(jo) and this is regular at x by the induction 
hypothesis of the theorem, since Z(ji) D Z(jo) = T>(ji) n Z(jo) (locally around x) which can be 
viewed as a difference divisor in Z{jo) = M n -i by Lemma 2. □ 

Lemma 4. Let j ^ be a special homomorphism of non-negative valuation, let x £ Z{j){¥), and 
let D C Spf (Oj^ tX ) be a regular divisor. Suppose that in Sj)t(Otf jX ) we have for the special fibers 
the inclusion D p C Z(j) p . Let (/) be the ideal of Z(j)nD in Od,x (i.e., Oz(j)nD,x = On,x/(f))- 
Then the ideal of Z{pj) D D in Od,x is (p- /). L/ius, if f ^0, the equation ofV(pj)DD in Od,x 
is given by p = 0. 
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This is proved in the same way as Lemma 2.11. in [5]. □ 

We proceed with proving the theorem. Let x G Z(j){¥). Define 7 e N by the property that 
x G Z(j/p 7 )(F) but x €" Z(j /p 7+1 )(F). Writing j = p 1 j' , it is enough to prove the following 
claim by induction on a. 

Claim. For any a <E N the special difference divisor T>(p a j') is regular at x. 
The induction start (i.e. a = 0) is given by Lemma 3. Suppose now the claim is true for a — 1. 
We distinguish the cases that T>(j') p is not regular at x and that T>(j') p is regular at x. 

Suppose first that T>(j') p is not regular at x. Then by Lemma 3 a; is not super-general and 
j' is not of valuation and thus there is a special homomorphism jo of valuation such that 
x G Z(jo)(¥) and such that j' and jo are linearly independent. Thus as in the proof of Lemma 
3 we may write j' = a jo + /3ji, where j\ _L jo and x G Z(ji)(¥) but x €" Z{j\/p){¥) and a G 1 p i 
and (3 G Z* 2 . Then it follows that V(j ) n V(p a j') = V(j ) n V(p a j3j 1 ) locally around x. This is 
regular at x by the induction hypothesis (on n — 1) since it can be viewed as a difference divisor 
in T>(j ) = Z(j ) = Af n -i locally around x (Lemma 2). Thus V{p a j') is also regular at x. 

Suppose now that V(j') p is regular at x. Let fi = be the equation of V(p l ■ j') in R = Oj^. x 
which is a UFD. Then by the induction hypothesis (on a — 1) we know that all fi for i < a — 1 
are prime elements. Next we show that there is a unit 77 G R x such that fo + r\p is coprime to fi 
for all i < a — 1. For i = this is true for any unit 77 since Z(j') is a relative divisor. Note also 
that /o + VP is a prime element for any 77 since Z(j') p is regular at x and hence also V(fo + r)p) 
is a regular divisor in Spf(i?) . For any z G R denote by z its image in R := R/{p). Now we 
claim that if fi and fo do not differ by only a unit, then fo + VP is coprime to fi for any r\. To 
see this note that fo + rjp and fi are prime, hence if they are not coprime they only differ by a 
unit, hence in this case also fi and fo only differ by a unit in R. 

Suppose that i\, ...,ii are the indices such that fi 1} fi t each differs from fo by a unit. This 
means that after perhaps multiplying the fi k by suitable units we have fi k = fo+PVi k f° r suitable 
Ui k G R. Choose now y G R such that modulo m (the maximal ideal in R) the relations 

V ^ -(Vh H h 2fe ), V^Vn- {Vh + \-Vii), V ^ Vn ~ (Vn H h 

hold. (This is possible since F is an infinite field.) Then it follows that 77 := y- lx + ■ ■ ■ + y^ + y is 

a unit in R. Furthermore f ik - (f + rjp) = fo+PVi k - (fo + VP) = P(Vi k - (Vn H 1" Vn + v))- 

Since by the above relations yi k — (y^ + • ■ • + + y) is a unit and since /i fc is coprime to p, it 
follows that indeed fo + r/p is coprime to fi k and thus to fi for any i < a — 1. 

Denote now by D the divisor in Spf(i?) given by fo + ijp = 0. Then since V(j') p is by 
assumption regular at x, the special fiber D p is regular and hence D also is regular. Further 
D p C Z(p a_1 j')p in Spf(i?) and the equation of Z(p a_1 j') in Od.x is not zero since fi and 
/o + PV are coprime for any i < a — 1. Thus by Lemma 4 the ideal of D n V(p a j') in Spf (i?) is 
(/o + VPtP) = (fo,p), thus n V(p a j') = D p which is regular (as a closed formal subscheme of 
Spf(-R)), hence T>(p a j') is regular at x. This ends the proof. □ 

Remark 5. Using displays for p-divisible groups one can show that for i > 1 the special fiber 
of V(fi) in Spf(i?) is not regular and hence not equal to the special fiber of V(fo), hence one 
can choose 77 = 1 in the above proof. This reasoning also shows that in general the intersection 
of several (even of two) difference divisors is not regular. 
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